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1 Holomorphic Curves in C?> and Holomorphic Functions on
Riemann Surfaces

1.1 Holomorphic curves in C?
Last time, we were discussing complex tori.

Example 1.1 (complex tori). We have X = C/A, where A is a lattice. We have a
natural quotient map m : C — C/A. Let Vi, V5 be the images of two charts ¢; : U; — V;,
i = 1,2. Consider 90 ¢, '(2) =: ¥(z). Then for z € 1 (U1 NUy), 7|, (¥(2)) = 7|y, (2), s0
¥(z) — z € A. Since A is discrete, ¥(z) — z is locally constant. So it is holomorphic.

Here is another natural example of a Riemann surface.

Example 1.2 (holomorphic curves in C* = CZ ). Let 2 C C? be open, and let f € Hol(Q);
that is, f € C1(2), and f(z,w) is separately holomorphic: z + f(z,w) is holomorphic for
all w and w — f(z,w) is holomorphic for all z. We have the Cauchy-Riemann equations

0 0
8—2(2/, w) =0, 8%(2’ w) = 0.
Assume that (g—ﬁ, g—i) # 0 for all (z,w) € f~1({0}).

We claim that X = f71({0}) is a (possibly disconnected) Riemann surface. Let
(20, wg) € X. If f/ (20, w0) # 0, then by the holomorphic implicit function theorem (which
we will prove), there exist an open neighborhood V' C C? of (zp,wp), 20 € U C C, and
g € Hol(U) such that X NV = {(z,9(2)) : z € U}. So the projection 7, : X NV — U
sending (z,w) + z is a chart. Similarly, if f.(zo,wo) # 0, we have locally near (zq,wp):
XNV = {(h(w),w)}, where h is holomorphic. So the projection m, : XNV — Cis a
chart. Compatibility of charts is the following diagram:

X U,
-
Tw o7r;1
U.



Theorem 1.1 (holomorphic implicit function theorem). Let f(z,w) : C> — C be holo-
morphic near (0,0) € C? with f'(a,b) # 0. Then f = 0 determines a holomorphic map
¢ : C— C in a neighborhood of (a,b).

Proof. Let f(z,w) be holomorphic near (0,0) € C? with f(0,0) = 0 and f!(0,0) # 0.
Choose r > 0 so that w — f(0,w) is holomorphic when |w| < 2r and f(0,w) # 0 when
0 < |w| < 2r. Then choose ¢ > 0 such that f is holomorphic when |w| < 3r/2, |z] < § and
such that f(z,w) # 0 when |w| =r, |z| < J. By the argument principle, for |z| < §,

Hw€D<0w>:f<z7w>=0}r=21m/| i dew,

where the right hand side is holomorphic in z. So for all z with |z| < ¢, the equation
f(z,w) = 0 has exactly 1 root w = w(z) in D(0,r). Write

w(z) = 1 wf{u(z,w)d

. 5
2mi |w|=r f(Z,'LU) o |Z’ =

by the residue theorem. O

1.2 Holomorphic functions on Riemann surfaces

Definition 1.1. Let X be a Riemann surface equipped with an atlas {¢, : Uy, — Vo }. We
say that f: X — C is holomorphic if for all o, f o ¢! € Hol(V,). Let Y be a Riemann
surface equipped with an atlas {¢j : Us — Vg}. A continuous map f : X — Y is called
holomorphic if for all a, 8, ¢} 0 f o ool gpa(f_l(Ué) N Uq) — Vj is holomorphic.

Theorem 1.2. Let X,Y be Riemann surfaces, and let f; € Hol(X,Y), j = 1,2. Assume
that there exists A C X with a limit point a € X such that fi = fo on A. Then f1 = fo.

Proof. (Sketch) Use the connectedness of the Riemann surfaces to transplant the corre-
sponding result from complex analysis. O

Proposition 1.1 (local normal form for f € Hol(X,Y)). Let X,Y be Riemann surfaces,
and let f; € Hol(X,Y) be non-constant. Let a € X. Then there exist complex charts
0:U—=VonXwithaeU, pla) =0andp: U — V;onY with f(a) € U', ¥(f(a)) =0,
U C f~YU") such that the holomorphic function

F=ygofop V-V
is of the form F(z) = 2F for some k € N7,

Remark 1.1. The integer k is independent is independent of the charts.



Proof. Take any charts ¢, 1 centered at a, f(a). Then F(z) = (1o fop1)(z) € Hol(neigh(0, C)),
and F(0) = 0. So F(z) = z¥g(z), where g is holomorphic and non-vanishing. In a simply
connected neighborhood of 0, there exists a holomorphic function h # 0 such that g = h*.
The map x(z) = zh(z) is a holomorphic diffeomorphism from neigh(0, C) — neigh(0, C) by

the inverse function theorem. Replace ¢ by ko ¢, we get [t o fo (ko p)7l(2) =2F. O

We will discuss the integer k£ more next time.
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